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Abstract 

In this paper we extend the notion of "filtration-consistent nonlinear expectation" (or "JF- 
consistent nonlinear expectation") to the case when it is allowed to be dominated by a g- 
expectation that may have a quadratic growth. We show that for such a nonlinear expectation 
many fundamental properties of a martingale can still make sense, including the Doob-Meyer 
type decomposition theorem and the optional sampling theorem. More importantly, we show 
that any quadratic .F-consistent nonlinear expectation with a certain domination property must 
be a quadratic ^-expectation as was studied in Ma-Yao [llj. The main contribution of this pa- 
per is the finding of the domination condition to replace the one used in all the previous works 
(e.g., [6j and [14J), which is no longer valid in the quadratic case. We also show that the repre- 
sentation generator must be deterministic, continuous, and actually must be of the simple form 
g{z) = ^(1 -|- for some constant fi > 0. 
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1 Introduction 



In this paper we study a class of filtration- consistent nonlinear expectations (or J^- consistent non- 
linear expectations), first introduced in Coquet-Hu-Memin-Peng [6]. Such nonlinear expectations 
are natural extensions of the so-called (7-expectation, initiated in p!3], and therefore have direct 
relations with a fairly large class of risk measures in finance. The main point of interest of this 
paper is that the nonlinear expectations are allowed to have possible quadratic growth, and our 
ultimate goal is to prove a representation theorem that characterizes the nonlinear expectations 
in terms of a class of quadratic BSDEs. We should note that the class of "quadratic nonlinear 
expectations" under consideration contains many convex risk measures that are not necessarily 
"coherent". The most notable example is the entropic risk measure (see, e.g., Barrieu and El 
Karoui [2]), which is known to have a representation as the solution to a quadratic BSDE, but 
falls outside the existing theory of ^-consistent nonlinear expectations. We refer to [1] and [7] for 
the basic concepts of coherent and convex risk measures, respectively, to [13] for detailed accounts 
of the relationship between the risk measures and non-linear expectations. A brief review of the 
basic properties of ^-consistent nonlinear expectations will be given in §2 for ready references. 

An interesting result so far in the development of the notion of ^-consistent nonlinear expec- 
tations is its relationship with the backward stochastic differential equations (BSDEs). Although 
as an extension of the so-called g -expectation, which is defined directly via the BSDE, it is con- 
ceivable that an ^-consistent non-linear expectation should have some connection to BSDEs, its 
proof is by no means easy. In the case when g has only linear growth, it was shown in [6j that if 
an .F-consistent non-linear expectation is ''^ dominated^ by a g'^-expectation in the sense that 

£[X]- S[Y]<S3''[X -Y], yX,YeL^{TT) (1.1) 

where g^ = for some constant ;U > 0, then it has to be a g'-expectation. The significance of 
such a result might be more clearly seen from the following consequence in finance: any coherent 
risk measure satisfying the required domination condition can he represented by the solution of a 
simple BSDE{\). In an accompanying paper by Ma and Yao [11], the notion of (7-expectation was 
generalized to the quadratic case, along with some elementary properties of the ^-expectations 
including the Doob-Meyer decomposition and upcrossing inequalities. However, the representation 
property for general (even convex) risk measure seems to be much more subtle. One of the 
immediate obstacles is that the "domination" condition (jl.ip breaks down in the quadratic case. 
For example, one can check that a quadratic g expectation with g = /u([2;| + \z\'^) cannot be 
dominated by itself(!). Therefore some new ideas for replacing the domination condition (jl.l|) are 
in order. 
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The main purpose of this paper is to generahze the notion of jF-consistent nonhnear expecta- 
tion to quadratic case and prove at least a version of the representation result for such nonlinear 
expectations. An important contribution of this paper is the finding of a new domination con- 
dition for the quadratic nonlinear expectation, stemmed from the Reverse Holder Inequality in 
BMO theory [9]. More precisely, we observe that there exists an estimation for the difference 
of quadratic g(-expectations by using the reverse Holder inequality. Extending such an estimate 
to the general nonlinear expectations, we then obtain an L^-type domination which turns out to 
be sufficient for our purpose. Following the idea in [14J, with the help of the new domination 
condition, we then prove the optional sampling, and a Doob-Meyer type decomposition theorem 
for quadratic ^-martingales. Similar to the linear case, we can then prove that the representation 
property for the quadratic .F-consistent nonlinear expectation remains valid under such domina- 
tion condition. That is, one can always find a quadratic ^-expectation with g being of the form: 
g = + I^^DI^I, to represent the given nonlinear expectation. 

Our discussion on quadratic nonlinear expectation benefited greatly from the recent devel- 
opment on the theory of BSDEs with quadratic growth, initiated by Kobylanski [10] and the 
subsequent results on such BSDEs with unbounded terminal conditions by Briand and Hu [HIS]. 
In particular, we need to identify an appropriate subset of exponentially integrable random vari- 
ables with certain algebraic properties on which a quadratic ^-consistent nonlinear expectation 
can be defined. It is worth noting that such a set will have to contain all the random variables of 
the form ^ + zBr, where B is the driving Brownian motion, ^ € L°°(J^t), and r is any stopping 
time, which turns out to be crucial in proving the representation theorem and the continuity of 
the representation function g. We should remark that although most of the steps towards our 
final result look quite similar to the linear growth case, some special treatments are necessary 
along the way to overcome various technical subtleties caused by the quadratic BSDEs, especially 
those with unbounded terminal conditions. We believe that many of the results are interesting in 
their own right. We therefore present full details for future references. 

This paper is organized as follows. In section 2 we give the preliminaries and review some 
basics of quadratic ^-expectations and the BMO martingales. In section 3 we introduce the notion 
of quadratic .F-consistent nonlinear expectations and several new notions of the dominations. In 
section 4, we show some properties of quadratic .F-expectations including the optional sampling 
theorem, which pave the ways for the later discussions. In section 5, we prove a Doob-Meyer type 
decomposition theorem for quadratic .F-sub martingales. The last section is devoted to the proof 
of the representation theorem of the quadratic nonlinear expectations. 
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2 Preliminaries 



Throughout this paper we consider a filtered, complete probability space (fi, T , P, F) on which 
is defined a d-dimensional Brownian motion B. We assume that the filtration F = {J-^t}t>o is 
generated by the Brownian motion B, augmented by all the P-null sets in J^, so that it satisfies the 
usual hypotheses (cf. [15]). We denote ^ to be the progressive measurable a-field on J7 x [0,r]; 
and Mqj, to be the set of all F-stopping times r such that < r < T, P-a.s., where T > is 
some fixed time horizon. 

In what follows we fix a finite time horizon T > 0, and denote E to be a generic Euclidean 
space, whose inner products and norms will be denoted as the same (•, •) and | • |, respectively; 
and denote B to be a generic Banach space with norm || • ||. Moreover, we shall denote ^ C ^ to 
be any sub-a-field, and for any x G M'^ and any r > we denote Br{x) to be the closed ball with 
center x and radius r. Furthermore, the following spaces of functions will be frequently used in 
the sequel. We denote 

• for < p < oo, LP{Q;E) to be the space of all E-valued, ^-measurable random variables 
^, with < oo. In particular, if p = 0, then L^{Q,K) denotes the space of all E- 
valued, ^-measurable random variables; and if p = oo, then L^{Q;E) denotes the space of 
all E-valued, ^/-measurable random variables such that ||^||oo = esssup|^(w)| < oo; 

• < p < oo, Lp([0, T];M) to be the space of all B-valued, F-adapted processes tp, such that 
E WiptW^dt < oo. In particular, p = stands for all B-valued, F-adapted processes; and 
p = oo denotes all processes X G Lp([0,T];B) such that ||X||oo = esssup|X(t, < oo; 

t,UJ 

• ]D)g'([0,r];B) = {X e L~([0,T];B) : X has cadlag paths}; 

• C^([0,T];B) = {X e O^{[0,T];M) : X has continuous paths}; 

• •H|([0,T];B) = {X e L|([0,T];B) : X is predictably measurable}. 

The following two spaces are variations of the spaces defined above, they will be important 
for our discussions regarding quadratic BSDEs with unbounded terminal conditions. For any 
p > 0, we denote A1^(M'^) to be the space of all M'^-valued predictable processes X such that 

\\X\\m. = {e{ £ \X.,\'dsf'y"'^' < oo. (2.1) 

We note that for p > 1, M^iR'^) is a Banach space with the norm || • and for p € (0,1), 

A4P{M.'^) is a complete metric space with the distance defined through (|2.1|) Finally, if (i = 1, we 
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shall drop E = M from the notation (e.g., L^([0,r]) = L^([0,r];M), L°°{Tt) = L°°(J^t;K), and 
so on). 

Quadratic (/-expectations on L°°{Tt) 

We now give a brief review of the notion of quadratic g- expectations studied in Ma and Yao [TT] . 
First recall that for any^ E L'^{J-t), and a given "generator" g = g{t,uj,y, z) : [0, T] xfixlRxM'^ i— 
M satisfying the standard conditions (e.g., it is Lipschitz in all spatial variables, and is of linear 
growth, etc.), the ^-expectation of ^ is defined as £^{S,) = Yq, where Y = {Yt : < t < T} is the 
solution to the following BSDE: 

Yt = ^+ r g{s,Y,,Z,)ds- r Z.dBs, VtG[0,r]. (2.2) 
Jt Jt 

We shall denote (j2.2p by BSDE(,^,(7) in the sequel for notational convenience. 

In [11] the ^-expectation was extended to the quadratic case, based on the well-posedness 
result of the quadratic BSDEs by Kobylanski [TOj, and under rather general conditions on the 
generator g. In this paper, however, we shall be content ourselves with a slightly simplified form 
of the generator g that is sufficient for our purpose. More precisely, we assume that the generator 
g is independent of the variable y, and satisfies the following Standing Assumptions: 

(HI) The function g : [0,T] x Q x ^ R is ^ (gi ^{R'^) -measurable and g{t,uj,-) is continuous 
for all {t, u) G [0, T] x 



(H2) There exists a constant ^ > such that for dt x dP-a.s. {t, to) € [0, T] x Q and any z G 



nd 



\g(t,LO,z)\ <£(\z\ + \z\'^) and ^(t,uj,z) < ^(1 + |z|). (2.3) 

oz 

In light of the results of [TO] we know that under the assumptions (HI) and (H2), for any 
C G L~(J^^t) the BSDE ([22]) has a unique solution (Y,Z) G C^{[0,T]) x nl{[0,T];R'^). We can 
then define the quadratic (7-expectation of ^ as £^{i) = Yq and the conditional g-expectation as 

f^[e|Ji] = y/, VtG[0,r], veGL-(^T). (2.4) 

It is easy to see that g\z=Q = from (H2). So by the uniqueness of the solution to the quadratic 
BSDE, one can show that all the fundamental properties of nonlinear expectations are still valid 
for quadratic ^-expectations: 

(i) (Time-consistency) £3[£3[^\J^i]\T,] = £3[i\Ts], P-a.s. VO < s < 

(ii) (Constant-preserving) £9[(\J:■^] = P-a.s. G L°°(J^i); 
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(iii) (" Zero-one Law") = p.a.s. ^AeFf 

Furthermore, since g is independent of y, then we know that the quadratic ^-expectation is also 
^^translation invarianf in the sense that 

£'^[C + v\^t] = £'[C\^t]+ri, P-a.s. Vte [0,r], Vr?GL°°(^t)- (2-5) 

Along the same lines of |14j we can define the "quadratic (7-martingales" as usual. For example, 
A process X G L|?([0,T]) is called a ^(-submartingale (resp. (7-supermartingale) if for any < s < 
t < T, it holds that 

S'[Xt\J^s] > (resp. <) Xs, P-a.s. 

The process X is called a quadratic ^-martingale if it is both a (7-submartingale and a g- 
sup er mar t ingale . 

Similar to the cases studied in [H] where g is Lipschitz continuous and of linear growth, it 
was shown in |TT] that the quadratic 5'-sub(super)martingales also admit the Doob-Meyer type 
decomposition, and an upcrossing inequality holds (cf. [11, Theorem 4.6]). The next theorem 
summarizes some results of |11) . adapted to the current setting, which will be used in our future 
discussion. The proof of these results can be found in [TTl Theorem 4.2 and Corollary 4.7]. 

Theorem 2.1 Assume (HI) and (H2). Then, for any right- continuous g-submartingale (resp. 
g-supermartingale) Y € L|?([0,T]), there exist an increasing (resp. decreasing) cddldg process A 
null at and a process Z E 'Hp([0, T]; M*^), such that 

Yt = YT+ I g{s,Ys,Zs)ds-AT + At-f Z^dB.,, tG[0,T]. 
Jt Jt 

Furthermore, if g vanishes as z vanishes, then any g-submartingale (resp. g-supermartingale) X 
must satisfy the following continuity property: For any dense subset T> of [0, T], P-almost surely, 
the limit lim Xr (resp. lim X^) exists for any t G (0, T] (resp. t G [0,T)). ■ 

r/'t,reT> r\t,reT> 

BMO and Exponential Martingales 

To end this section, we recall some important facts regarding the so-called "BMO martingales" 
and the properties of the related stochastic exponentials. We refer to the monograph of Kazamaki 
[9] for a complete exposition of the theory of continuous BMO and exponential martingales. Here 
we shall be content with only some facts that are useful in our future discussions. 
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To begin with, we recall that a uniformly integrable martingale M null at zero is called a 
"BMO martingale" on [0, T], if for some 1 < p < oo, it holds that 

^ E{\Mt - Mr-\P\j^rV/P <oo. (2.6) 



\M\\bmOp = sup 



oo 



In such a case we denote M GBMO(p). It is important to note that M GBMO(p) if and only if 
M gBM0(1), and all the BMO(p) norms are equivalent. Therefore in what follows we shall say 
that a martingale M is BMO without specifying the index p; and we shall use only the BMO (2) 
norm and denote it simply by || • ||ba/o- Note also that for a continuous martingale M one has 



\M\\bmo = \\M\\bmo2 = sup 

reMo.T 



E{{M)t - {M)r\j'r} 



Now, for a given Brownian motion B, we say that a process Z G Lp([0, T]; M^) is a BMO 
process, denoted by Z G BMO with a slight abuse of notations, if the stochastic integral M = Z»B 



is a BMO martingale. We remark that the space of BMO martingales is smaller than any JW{ 
space (see (|2.ip for definition). To wit, it holds that BMOc fl M^^iW^). Furthermore, by the 

p>0 

so-called "Energy Inequality" [9, p. 29], one checks that 

{\\Z\\M,S'' = E[j^ |Z,|2ds)"<n!||Z|||Vo, VnGN. (2.7) 

We now turn our attention to the stochastic exponentials of the BMO martingales. Recall 
that for a continuous martingale M, the Doleans-Dade stochastic exponential of M, denoted 
customarily by <§{M), is defined as <§{M)t = exp{Mt - \{M)t}, t > 0. Note that if (f (M) is a 
uniformly integrable martingale, then the Holder inequality implies that 

^{M)P < E[^{M)P.\J^r], P-a.s. (2.8) 

for any stopping time r G Mq^t and any p > 1. However, if M is further a BMO martingale, 
then the stochastic exponential S{M) is itself a uniform integrable martingale (see [HI Theorem 
2.3]). Moreover, the so-called "Reverse Holder Inequality" (cf. [9, Theorem 3.1]) holds for £'{M). 
We note that this inequality plays a fundamental role in the new domination condition for the 
nonlinear expectations, which leads to the representation theorem and its continuity, we give the 
complete statement here for ready references. For any a > 2, define 



A 



2x - 1 



0„(x) = |l + x-2log [(l-2a-")=^--^J| -1, xG(l,oo). (2.9) 

Theorem 2.2 (Reverse Holder Inequality) Suppose that M G BMO{p) for p G (l,oo). If it 
satisfies that \\M\\bmo ^ <Pa{p), then one has 

E[<^{Mfj,\j'r]<aPS{M)P, yrGM^^T- (2-10) 
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Finally, we give a result that relates the solution to a quadratic BSDE to the BMO processes. 
Let us consider the BSDE (|2.2p in which the generator g has a quadratic growth. For simplicity, 
we assume there is some k > (we may assume without loss of generality that k > ^) such that 
for dt X dP-a.s. {t,oj) G [0,r] x Q, 

\g{t,u;,y,z)\ <k{l + \z\'^), V (y, z) G M x M'^. (2.11) 

Let {Y,Z) E Cf{[0,T]) x W|([0,r];M'^) be a solution to ([22]). Applying Ito's formula to e^''^' 
from t to T one has: 

e^kYt ^ r e^kVs^Zsl^ds = e^^^^ + 4k f e^^^'g{s, F,, Z,)ds - 4k e^^^'Z.dB, 
Jt Jt Jt 

< e^^^^ + 4k^ r e*^^^ (1 + iZs^ds - 4k T e^'^^^Z.di?,. 



Taking the conditional expectation E{-\J^t} on both sides above, and then use some standard 
manipulations one derives fairly easily that 

E[j^'' \Z,\^ds\Tt] <e4'=ll^ll-S[e4*^«-e4'=^*|^t] +e8'=ll^ll-(T-t). 
In other words, we have proved the following result. 



Proposition 2.3 Suppose that {Y, Z) G Cf{[0,T]) x ?t:|([0, T]; M"') is a solution of the BSDE 
/i2. S^) with ^ G L°°{Tt), and g satisfies 12.11\) . Then Z G BMO, and the following estimate holds: 



\Z\\l,,o<il + T)e' 



\\Y\\ 



3 Quadratic ^-Expectations 

In this section we introduce the notion of "quadratic .F-consistent nonlinear expectation". To 
begin with, we recall from [T3] that an .F-consistent nonlinear expectation is a family of operators, 
denoted by {£t}t>Oi such that for each t G [0, T], £t : L^{!Ft) ^ L^{J^t)i and that the following 
axioms are fulfilled: 

(Al) Monotonicity: £t[(,] > P-a.s., if ^ > r/, P-a.s.; 

(A2) Constant-Preserving: £t[^] = ^, P-a.s., G L^{Tt); 
(A3) Time-Consistency: £s[£tM = £s[^], P-a.s., Vs G [0,t]; 
(A4) "Zero-One Law": ^([1^^] = U£t[^], P-a.s., \f A G J^t- 
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The operator [•] has been called the "nonlinear conditional expectation" , and denoted by 
for obvious reasons. It was worth noting that in all the previous cases the natural "domain" of 
the nonlinear expectation is the space L^{Tt), thus a nonlinear expectation can be related to the 
solution to the BSDEs using the "classical" theory. 

In the quadratic case, however, the situation is quite different. In particular, if the main 
concern is the representation theorem where the quadratic BSDE is inevitable, then the domain 
of the nonlinear expectation will become a fundamental issue. For example, due to the limitation 
of the well-posedness of a quadratic BSDE, a quadratic nonlinear expectation would naturally be 
restricted to the space L°°{Tt)- But on the other hand, in light of the previous works (see, e.g., 
[6] and [H]), we see that technically the domain of 8 should also include the following set: 

^^ = {i = io + zBt : Co G L°^{:Ft), z G R'^}. (3.1) 

Here B is the driving Brownian motion. A simple observation of the Axioms (A3) and (A4) 
clearly indicates that E cannot be defined simply as a mapping from to For example, 

in general the random variable 1^^ will not even be an element of thus (A4) will not 

make sense. 

To overcome this difficulty let us now find a larger subset A C L^[Tx) that contains and 
can serve as a possible domain of a nonlinear expectation. First, we observe that such a set must 
satisfy the following property in order that Axioms (A1)-(A4) can be well-defined. 

Definition 3.1 Let Q(Tt) denote the totality of all subsets A in L^{Tt) satisfying: for all t € 
[0,T], the set At = Kr\L^{J-t) is closed under the multiplication with Tt indicator functions. That 
is, if (z At and A E J^t, then IaS, G A^. ■ 



It is easy to see that L^{Tt) € '3i{Tt) and S![Tt) is closed under intersections and unions. 
Thus for any S C 1?{J-t\ we can define the smallest element in ^{Tt) that contains S as 

usual by A{S) = Q A. We are now ready to define the quadratic J^-consistent nonlinear 

Ae5?(JfT),ScA 

expectations. 

Definition 3.2 An T-consistent nonlinear expectation with domain A is a pair {£,A), where 
A £ Si{Tt), and £ = {£t}t>Q is a family of operators £t : A ^ At, t G [0, T], satisfying Axioms 
(A1)-(A4). 

Moreover, £ is called "translation invariant" if A + C A and \2. 5]) holds for any ^ € A, 
any t G [0, T] and any r] € L°°{Ft)- ■ 



9 



Again, we shall denote £t['] = '^■[■l-^t] usual, and we denote A = Dora{£.) to be the domain of 
£. To simplify notations, in what follows when we say an JF-consistent nonlinear expectation £, 
we always mean the pair [£^Dom[£)). Note that a standard (^-expectation and the ^-consistent 
nonlinear expectation studied in [6] and all have domain A = L'^{J^x), aud they are translation 
invariant if g is independent of y. The quadratic (^-expectation studied in [11] is one with domain 

We now turn to the notion of "quadratic" ^-consistent nonlinear expectations. 

Definition 3.3 An T-consistent nonlinear expectation {£ , Dom{£)) is called upper (resp. lower) 
semi- quadratic if there exists a quadratic g-expectation , Dom{£^)) with Dom{£^) C Dom{£) 
such that for any t G [0,T] and any ^ G Dom{£^), it holds that 

£[i\J't] < {resp. >) £m^t], P-a.s. (3.2) 

Moreover, £ is called quadratic if there exist two quadratic g- expectations £^^ and £^^ with 
Dom{£9^)nDom{£92) C Dom{£), such that for any t G [0,r] and any ^ G Dom{£9^)nDom{£3^), 
it holds that 

£''[i\H < m^t] < £''mt], P-a.s. (3.3) 

In what follows, we shall call an .F-consistent nonlinear expectation as an ".F-expectation" 
for simplicity. Note that a quadratic g-expectation {£^ , L°° {Tj-)) would be a trivial example of 
quadratic .^-expectations. The following example is a little more subtle. 

Example 3.4 Consider the BSDE (|2.2p in which the generator g is Lipschitz in y and has 
quadratic growth in z. Furthermore, assume that g is convex in {t,y,z). Then, by a recent 
result of Briand-Hu [5], for any ^ G L^{J-t) such that it has exponential moments of all orders 
(i.e. Eje-^l^lj < oo, VA > 0), the BSDE ([22]) admits a unique solution iY,Z). In particular, if 
we assume further that g satisfies g\z=o = 0, then it is easy to check the g-expectation £^{£,) = Yq 



A 



< oo, VA > 0^. We 



defines an .F-expectation with domain Dom{£3) = |^ G J-t '■ E 
should note that in this case the domain indeed contains the set defined in (j3.ip ! ■ 

Since we are only interested in the quadratic g-expectations whose domain contains at least 
the set .5^^, we now introduce the following notion. 

Definition 3.5 A quadratic g-expectation £^ is called "regular" if 

i^ + zBr-.^e L°°{Tt), 2 G M"', r G Mo,t} <Z Dom{£3). 

Correspondingly, a (semi) -quadratic J^- expectation is called "regular" if it is dominated by regular 
quadratic g-expectation in the sense of Definition 1 3. 3i 
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Example 13 .41 shows the existence of the regular quadratic (^-expectations. But it is worth point- 
ing out that because of special form of the set ^ the class of regular quadratic ^-expectations 
is much larger. To see this, let us consider any quadratic BSDE with g satisfying (HI) and (H2), 

Yt = C + zBr+ [ g{s,Zs)ds- f Z.dBs, te[0,T], (3.4) 
Jt Jt 

where ^ G L°°{Tt)-, z G W^, and r G Mq^t- Now, if we set Yt = Yt- zBt/\T, Zt = Zt - 2;l{t<r}, 
then ()3.4p becomes 

Yt = i+ f g{s,Zs + zl{,<:r})ds- f Z^dB.,, VtG[0,r]. (3.5) 
Jt Jt 

Since ^ G L°°{!Ft), the BSDE (j3.5p is uniquely solvable whenever g satisfies (HI) and (H2). In 
other words, any g satisfying (HI) and (H2) can generate a regular g(-expectation! 

Remark 3.6 For any generator g satisfying (HI) and (H2), one can deduce in the similar way 
as in ([33]) and ([33]) that 

^^ = {C + CsdBs : C e L°^{Tt), C G Li?([0,T];M'^)} C DomiS^). (3.6) 

Therefore, it follows from Definition 13.31 that C Dom{£^^) n Dom{£^^) C Dom{£), as both 
gi and g2 satisfy (HI) and (H2). The set is very important for the proof of representation 
theorem in the last section. ■ 



Domination of quadratic .^-expectations. 

In the theory of nonlinear expectations, especially in the proofs of decomposition and repre- 
sentation theorems (cf. [6] and [H]), the notion "domination" for the difference of two values of 
.F-expectations plays a central role. To be more precise, it was assumed that the following prop- 
erty holds for an .F-expectation £: for some (/-expectation £^, it holds for any X, y G LP'{J-t) 
that 



£{X + Y)-£{X) <£3{Y). (3.7) 

In the case when g is Lipschitz, this definition of domination is very natural (especially when 
g = g{z) = ^\z\, fi > 0). However, this notion becomes very ill-posed in the quadratic case. We 
explain this in the following simple example. 
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Example 3.7 Consider the simplest quadratic case: g = g{z) = ^Iz]"^, and take £ = We 
show that even such a simple quadratic ^(-expectation cannot find a domination in the sense of 
(j3.7p . Indeed, note that 

£9{X + Y) = X + Y + l [ \Zl\^ds- f ZldBs] 

^ Jo Jo 

£3{X) = X + l f \Z^J^ds- f ZldBs. 
^ Jo Jo 



Denoting Z = Z^ — Z"^ we have 



£S{X + Y)-£S{X)=Y+l- f\\Zl + Zs\^ -\Zl\^)ds- f Z^dB,. 

^ Jo Jo 

But in the above the drift + — |Z^|^) < + cannot be dominated by any g 

satisfying (HI) and (H2). ■ 

Since finding a general domination rule in the quadratic case is a formidable task, we are now 
trying to find a reasonable replacement that can serve our purpose. It turns out that the following 
definition of domination is sufficient for our purpose. 

Definition 3.8 1) A regular quadratic J^- expectation £ is said to satisfy the "L^ -domination" if 
for any K, R > 0, there exist constants p = p{K, R) > and C = Cr > such that for any two 
stopping times < r2 < ti < T, any G L'^ with \\£,i\\oo ^ K , i = 1,2, and any z with 
\z\ < R, it holds for each t € [0, T] that 

\\{£{il + zBr,\Tt}-zBt^r,)-{£{i2 + zBr,\Tt}-zBtr,r,)\\^ < 3||ei -6llp + Cij||ri -T2||p. (3.8) 

2) A regular quadratic J^- expectation £ is said to satisfy the "L°° -domination" if for any 
stopping time r € A^o.T; o,ny E L°°[Tt), i = 1;2, and any z G , the process {£{5,i + 
zB,|^t}-z5tAr,t G [0,r]} gL^([0,T]), i = l,2, and 

\\£{ii + zBr\J't}-£{i2 + zBrm\\^<\\ii-i2U, VtG[0,r]. (3.9) 

3) A regular quadratic J^- expectation £ is said to satisfy the "one-sided g-domination" if for 
any K,R > 0, there are constants J = J{K, R) > and a = a{K, R) > 0, such that for any 
stopping time r G ■Mo,T, C ^ L'^^Tt) with \\C\\oo ^ K, and any z G M'^ with \z\ < R, there is a 
7 G BMO with ||7||^a/o — JiK,R) and a function ga{z) = a{K,R)\z\'^ , z G M*^, such that for 
any rj G L°°(J^t), H holds that 

£[r^ + i + zBr\J't] - £[i + zBr\Tt] < £?,''[v\H, VtG[0,T], P^-a.s. (3.10) 

Here, is defined by dP^ /dP = S'{'j»B)t, and £^°' is the ga-martingale on the probability space 
{Vt,!F,P'^), and with Brownian Motion B"' . ■ 



12 



The following theorem more or less justifies the ideas of these "dominations". 

Theorem 3.9 Assume that g is a random field satisfying (HI) and (H2), and that it satisfies 
g\z=o = 0- Then the quadratic g- expectation 8^ satisfies both and L°° -dominations \3.^) and 

\d'g\ 



< i' for some i' > 0, then £^ also satisfies the 



Furthermore, if g also satisfies that 
one-sided g-domination 13.10\) with a{K,R) = i'/2. 

Proof. 1) We first show that the L^'-domination holds. Let (y*,Z*), i = 1,2 be the unique 
solution of BSDE for + zBr^, i = 1,2, respectively. Define Uf = - zBt^r,, Vi = 

Zi - zl{t<n}, ^Ut = - U^, and AV = - V^. Then, in light of dM]) and one can 
easily check that 

/•tVn i-T t-T 

^Ut = ii-i2+ g{s,z)ds+ {js,AVs)ds- AVsdB,, \/te[0,T], (3.11) 

Jt\/T2 Jt Jt 

where 

^^ = J / ^{t^V^ + OAVt + z)de. In what follows we shall denote all the constants 

Jo dz 

depending only on T and £ in (H2) by a generic one C > 0, which may vary from line to line. 
Applying Proposition 12.31 and Corollary 2.2 of [10] we see that both and are BMO with 

WV'WImo < Cexp{C{l + \zf)[l + + lie.lloo]}. 
Thus, by definition of 7 we have, for any K,R> 0, with ||^"'^||oo V llC^Hoo ^ K and \z\ < R, 



BMO — ^"[1 + + lly-^llgjvfO + ll^^llsMo] 

< C(l + |zp) + Cexp{c(l + |z|2)[||ei||ooV||e2||oo + l + kl']} (3.12) 

< C{l + R^) + Cexp^^C{l + R^)[l + K + R^]^ = J{K,R). 

Let us now denote <§{'^)\ = ^(7!^)* ~ ^■'^P { lllrdBr — \ Jl |7spds}, for < s < t, and define 
a new probability measure by dP^</dP = Since 7 is BMO, applying the Girsanov 

Theorem we derive from ()3.1ip that 

AUt = E^\Ci-C2+ 9{s,z)ds M =e\{Ci-C2+ g{s,z)ds)^{j)f Tt\, (3.13) 

JtVT2 ^ ^ JtVT2 ' 

for all t G [0, T]. Since g satisfies (H2), applying the Holder inequality we have, for any p,q> \ 
with 1/p + 1/g = 1, 

\AUt\P < E[[\i, - 61 + £(1 + \z\^)\Ti - T2\mt}E[ [<^{^)JY\TtY'' ■ 
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Now recall the function 0^ defined by (j2.9p . Let a = 3 and q = q{K,R) > 1 so that (psiq) = 
J{K, R). Applying the Reversed Holder Inequality (j2.10p we obtain, for p = p{K, R) = q/{q — 1), 

lAUtf < 3Pe{[\^, - 61 + i{l + \z\^)\ri - r2\m}. 

Taking the expectation, denoting Cr = 3£{1 + R^), and recalling the definition of U, we have 

\\{£9[^l + zBr,\Tt] - zBtr^r,) - {£^[^2 + zBr,\Tt] - Z^tArjUp < 3^1 " + Cr\\ti - T2\\p, 

for ah t G [0, T], proving UiSM . 

2) The proof of "L°°-domination" (|3.9p is similar but much easier. Again we let (y\Z*) be 
the solution of (f3^ for + zBr, i = l,2, respectively. Denote AY = Y^- V"^ and AZ = Z^-Z"^, 
we have 

AYt = AC+ [ {-is,AZs)ds - [ AZsdBs, Vt G [0,T], 
Jt Jt 

where = tt— {t, ^Zj + (1 — \)Zf^d\ G BMO. Applying Girsanov's Theorem again we obtain 
Jo dz 

that, under some equivalent probability measure , it holds that 

AYt = E^iAClJ'tl VtG[0,r], P-a.s. 

The estimate ()3.9p then follows immediately. 

3) We now prove the one-sided (^-domination (j3.10p . This times we let {Y^, Z^) and (y^, Z^) 
be the solutions of BSDE (|3.4p with terminal conditions ?7 -|- ^ -|- zB^ and ^ -|- zB^, respectively. 
Then ([33]) imphes that, for all t G [0,r], 

rT , ^ f-T 



AYt = AYt = r, + (5(s,Zl + zl|,<,|) -5(s,Z2 + zl{,<,j))ds-^ AZ^dB^ 
= ^ + 1 (j^ ^{s,XAZs + Z'^ + zl{s<r})d\,AZs)ds- AZsdBs, 



It Jo 

where = - zBtAr and Zj = Z\ - z\t<T}. i = 1,2. Since Z' G BMO, i = 1,2, thanks to 
Proposition 12.31 it is easy to check that 7. = G BMO as well, and the estimate p.l2p 

remains true. It is worth noting that 7 is independent of r] since is so. By Girsanov's Theorem, 

rT /■! 



AYt = V + l^ (|^(s,AAZ, + z2 + zl|,<,}) -||(s,z2 + zl|,<,}))dA,AZ,)ds 
-j\zsdB], VtG[0,T], 
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where P'^ is the equivalent probabihty measure as before. Now the extra assumption on the 
boundedness of |^ concludes that, with a{K,R) = £' /2, 

il (|f(s,AAZ, + Z| + zl|,<,}) -|^(s,z2 + zl{,<,}))(iA,AZ,) <a{K,R)\AZs\\ 
The Comparison Theorem of quadratic BSDE (cf. \10\ Theorem 2.6]) then leads to that 

£3[V + C + zBr\J't] -£'[i + zBr\Tt\ < £^''[ri\J't], Vt e [0,r], 
proving (j3.10p . whence the theorem. ■ 

4 Properties of Quadratic ^-expectations 

In this section, we assume that f is a translation invariant semi-quadratic .F-expectation domi- 
nated by a quadratic ^-expectation £^ with g satisfying (HI) and (H2). Clearly £ is regular. We 
also assume that £ satisfies both the L^'-domination (|3.8p and the L°°-domination (j3.9p . 

We first give a path regularity result for £^-martingales, which is very useful in our future 
discussion. 

Proposition 4.1 For any r G Mq^t, £, G L°°{^t), and z G M'*, the process £[£, + zBr\Tt], 
t £ [0,T] admits a cddldg modification. 

Proof. We first assume that £ is an upper semi-quadratic .F-expectation first. By the 
domination, X. = £[S^ + zBt-\J-.] — zB.f^r € L|?([0, T]), which implies that \Xt\ < ||X||oo, i-*-a.s. 
for any t G [0, T] except a null set T. We may assume that there is a dense set T> of [0, T]\T such 
that \Xt\ < \\X\\oo, Vt G T>, P-a.s. Now we define a new generator 

g{t, oj, C) = 9{t, ojX + l{t<r}^) - 9{t, OJ, l{t<r}^), V (t, oj, C) G [0, T] X X R'^. (4.1) 
For any < s < t < T and any r] G L'^{Tt), it is easy to check that P-a.s. 

£'^[r] + zBt;,r\:Fs] - zBsAr + [ g{r, l{r<r} z)dr = £^ [t] + [ g{r,l^r<r}z)dr\Ts]- (4.2) 

Jo Jo 

In particular, by the definition and the properties of upper semi-quadratic .^^-expectation, letting 

rj = Xf in (|4.2p shows that P-a.s. 

£[C + zBrlJ's] = £[£[^ + zBr\Tt]\T,] = £[Xt + zBt^^l^Fs] < £'[Xt + zBtr.r\^,] 
= £^^Xt + j g{r, l{r<^}z)dr J^s} + zB^at - j g{r, l{r<T}z)dr. 
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In other words, the process t i—>- Xt + g{r,l^,^^^jz)dr is in fact a ^-submartingale. Thus by 
Theorem 12.11 we can define a cadlag process 

Yt= lim Xr, VtG[0,T) and Yt = Xt = 

r\t, rev 

Clearly, Y E P|?([0, T]). Moreover, the constant-preserving property of £ and "Zero-One Law" 
imply that 

£[C'\J^t] eTtAr, Ve' E Ar, Vt G [0,T]. (4.3) 
To see this, one needs only note that for any s G [0, t), 

'^{tAT<s}£W\^t] = l{r<s}^[C'l-^t] = £[i-{T<s}S,'\^t] = 1{t<s}C' £ -^s- 

Thus Xf G J'tAr, Vt G [0,T], so is Y by the right-continuity of the filtration F. Now, for any 
t G [0, T) and r G {t, T] n V, we write 

Xt-Yt = + zBr\Tt] - zBtAr - Yt = £[Xr + Z^rArl^t] " £% + Z^tArl-^t]- 

Then applying (|3.8|) with = ||X||oo and R= \z\ we can find a p = p(iir, i?) such that 

\\Xt - YtWp < 2>\\Xr - YtWp + CR\\r^T-t^ t\\p < 3\\Xr - YtWp + CR{r - t). 

Letting r \ t in the above, the Bounded Convergence Theorem then implies that Xt = Yt, P-a.s. 
To wit, the process Yt + zBt^r, t G [0, T] is a cadlag modification of £[^ + zBr\J^t], t G [0,T]. 
The case when £ is lower semi-quadratic can be argued similarly. The proof is complete. ■ 

Next, we prove the "optional sampling theorem" for the quadratic .F-expectation. To begin 
with, we recall that the nonlinear conditional expectation £'[-|.7v] is defined as follows. If ^ G 
Dom{£), denote Yt = f t G [0, T], then for any a G A^o.T, we define 

£[C\Ta] = Y„, P-a.s. (4.4) 

The following properties of f [•iJFo-] are important. 

Proposition 4.2 For any T,a £ Mo,t, ^ L°°{^t), o.nd z G M.'^, it holds that 

(i) £[5, + zBr\J'a] < £[ri + zBr\T^l P-a.s., if i<r} P-a.s.; 

(ii) £[^ + zBr\Tr] = C + zBr, P-a.s.; 

(ill) lA£[i + zBr\T,] = lA£[^Ai + zBr\T,], p-a.s., V A G TrA.; 
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(iv) If further r] € L^{J^t-/^„), the following "translation invariance" property holds: 

+ zB^ + ri\r^] = S[C + zB^\J^^] + ??, P-a.s. 

Proof, (i) is a direct consequence of the monotonicity of £ and Proposition 14. li 
To see (ii), we first assume that r takes values in a finite set: < ti < • • • < t„ < T. Actually, 
for any ^' € A,-, the constant-preserving of £ and "Zero-One Law" imply that 

n n n 

i=i i=i i=i 

For general stopping time r, we first choose a sequence of finite valued stopping times such 
that r„ \ T, P-a.s. Since for each n it holds that 

£[C + zBr\Tr„] = C + zBr, P-a.s., n = 1, 2, • • • , 

letting n — > oo and applying Proposition 14.11 we obtain that £[S, + zBt-\J^t] = ^ + zB^, P-a.s., 
proving (ii). 

We now prove (iii). Again, we assume first that a takes finite values in < ti < • • • < < T. 
For any A E J^tAu, let Aj = A {a = tj} E J^tj , ^ ^ j ^ n. Then it holds P-a.s. that 

n n 
1a£[U^ + zBr\T,] = + zBr\Tt,] =Y,£[^A,C + lA,zBr\Tt,\ 

n 

= l^/K + zBr\Tt^] = lA£[i + zB,\T,\. 

For general stopping time o", we again approximate g from above by a sequence of finite- valued 
stopping times {o"n}n>o- Then for any A E .Tvao- C .?>A(7„5 Vn E N, we have 

\A£{i + zBr\Ta„\ = \A£{\Ai + zB,\T,X P-^-S; Vn E N. 

Letting n — > oo and applying Proposition 14.11 again we can prove (iii). 

(iv) The proof is quite similar, thus we shall only consider the case where a takes values in a 
finite set < < • • • < t„ < T. In this case we have 

n 

£[^ + zBr + r,\T^] = YH-=t,}£i^ + + 

i=i 

n 

= [l|.=t,|(C + zBr) + i^,=t^}v\:Ft,] 

n 

n n 
= J2 l{-=t.}^K + zBr\Tt^] + Y M^=t,}V = + zBr\Ta] + V- 
i=i j=i 
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The third equahty is due to the "translation invariance" of E and E L°^{J^t.). The rest 

of the proof can be carried out in a similar way as other cases, we leave it to the interested reader. 
The proof is complete. ■ 

We now prove an important property of -1.7-4}, which we shall refer to as the ^''Optional 
Sampling Theorerri^ in the future. 

Theorem 4.3 For any X € L^([0,T]) and z € M'^ such that t Xt + zBt is a right- continuous 
S-submartingale (resp. 8-supcrmartingale or 8 -martingale). Then for any stopping times t,ct ^ 
[0, T], it holds that 

£[Xr + zBrlTa] > {rCSp. < Or =) XrAa + zBrAa, P-a.S. 

Proof. We shall consider only the f-submartingale the other cases can be deduced 

easily by standard argument. To begin with, we assume that a = t £ [0, T] and assume that r 
takes finite values in < ti < • ■ ■ < ^at < T. Note that if t > tN, then X^- + zB^- G J^t and 
T At = T, thus 

£[Xr + zBr\Tt] = Xr + zBr = X-rAt + zBrAt, P-a.S., 

thanks to the constant preserving property of £. We can then argue inductively to show that the 
statement holds for t > t^, for all 1 < m < A^. In fact, assume that for m € {2, • • • N} 

£[Xr + zBr\J^t] > XrAt + zB^At, P-a.S. Vt > tm- (4.5) 

Then, again using the translability and the "zero-one" law, one shows that for any t € [tm-iTtm), 
it holds P-a.S. that 

£[Xr + zBrlJ't] = £[£[Xr + zBrlJ^tJl^^t] > £[XrAt^ + zBrAtJJ't] 

= £[Hr<t^-,}{XrAt + zBrAt) + l{,>t„}(Xt„ + zBtJ\J't] 
= ^{T<t^^i}(XrAt + zBrAt) + l{r>t^}£[Xt^ + zBt^\J^t] 
> l{r<t^_^}iXrAt + zBrAt) + l{,>t„}(Xt + zBt) 
= XrAt + zBrAt- 

Namely (|4.5p also holds for any t > tm-i- This completes the inductive step. Thus (|4.5p holds 
for all finite- valued stopping times. 

Now let T be a general stopping time, we still choose {t„} to be a sequence of finite- valued 
stopping times such that r„ \ r, P-a.s. Then (|4.5p holds for all r^'s. Now let K = ||X||oo, 
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R = \z\, and p = p{K, R). Applying the L^-domination (|3.8p for £ we see that for any n G N, 



\\£[Xr„ + zBrJJ't] - £[Xr + zBrl^lp 
< \\i£[Xr„ + zBrJJ't] - zBr„M) " (^[^r + ^^rl^t] " ^5rAt)||p 
^ — Xr\\p + C/j||rn — t\\p + R\\Br„/\t — BrAtWp- 



RWB 



r„At 



Br 



Atlip 



(4.6) 



Since X is a bounded cadlag process, we can then apply the Bounded Convergence Theorem 
to conclude that the first and second terms on the right hand side of (j4.6p tend to 0, as n — > 
oo. Furthermore, applying the Burkholder-Davis-Gundy inequality and Bounded Convergence 
Theorem, we conclude that the last term on the right hand side of ()4.6p also goes to 0. Thus, 
possibly along a subsequence, we see that for any t G [0, T] 

£[Xr + zBr\Tt] = hm £[Xr^ + zBr„\Tt] > lim {Xr„At + zBr„At) = XrAt + zBrAt, -P-a.S. 



Thus we obtain (j4.5p again. 

Finally, let us consider the case when a is also a general stopping time. Following the previous 
argument, with the help of Proposition 14. H we have, P-a.s. 

£[Xr + zBr\Tt] > XrAt + zBrAt, Vt G [0,T]. 

Consequently, we obtain that £[Xr + zBr\J^a] > XrAa + zBrAa, -P-a.s., proving the theorem. ■ 

To end this section we consider a special BSDE involving the quadratic ^-expectation £, 
which will be very useful in the rest of the paper: 

Yt + zBt + f{s,Ys)ds = £[^ + zBT + £ f{s,Ys)ds\Tt}, Vt€[0,r], (4.7) 
where / : [0, T] x $7 x M — > M is a measurable function such that it satisfies the following assumption: 

(H3) The function / is uniformly Lipschitz in y with Lipschitz constant k > 0, uniform in {t,uj), 
such that \f{t, -,0)1(11 G L'^iJ^r)- 

We have the following existence and uniqueness result for the BSDE ()4.7p . 

Proposition 4.4 Assume (H3). Then for any ^ G L°°(J^t) and any z G W^, the BSDE (g3 
admits a unique solution in B|?([0, T]). 

Proof. We first consider the case when T < 1/2k, where k is the Lipschitz constant of / in 
(H3). For any Y eBf{[0,T]), and t G [0,r], using (H3) we have 



f{s,Ys)ds 



< 



T 



\f{s,0)\ds 
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In particular, we have ^ + f{s,Ys)ds G L°°{Tt) so that £{£, + zBt + f{s,Ys)ds\!Ft] is 
weU-defined, and we can define a mapping $ : B|?([0, T]) i-^ D|?([0,r]) by: 



iY) = s{c + zBT + £ f{s,Ys)ds\j't] -zBt- fis,Ys)ds, te[0,T]. (4.8) 



We claim that $ is a contraction. Indeed, since £ satisfies the L°°-domination, for any Y,Y G 
}f{[0,T]), dSSD implies that for any t e [0,r], it holds P-a.s. that 



MY)-MY)\= £[( + zBt+ f{s,Y,)ds\Tt]-£[^ + zBT+ f{s,Ys)ds\Tt] 



T 



< 



T 



{f{s,Y,)-f{s,t))ds <KiT-t)\\Y-Y\\^<-\\Y-Y\U (AS 



Since the process t i— > ^tiY) is cadlag , thanks to Proposition 14.11 we conclude that ||<I'(1") — 
<I>(y)||oo < — y||oo- Thus $ is a contraction, and the lemma holds in this case. 

The general case can now be argued using a standard "patching-up" method. Namely we take 
a partition of [0, T]: = Iq < ti < ■ ■ ■ < = T , such that max |t„ — < 1/2k. We first solve 
the BSDE (jiTT]) on [tN_i,tN] to get a solution Y^ . We then solve ([^ on [tN-2,,tN~i] to get 
Y^^^, satisfying the terminal condition Y^'^~^ = YJ^__^, and so on, thanks to the result proved 
in the first part. Denoting the solution on [t„_i,t„] by y", we can then define a new process by 
Yt = y^", t € [tn-i,tn], n = 1, • • • , A^, and prove that Y solves ()4.7p over [0,T] by induction. 

To see this, we first note that Y £ B|?([0,T]). Now assuming that Y solves (j4.7p on [tn,T], 
we show that it solves (|4.7p on [t„_i,T] as well. Indeed, for any t € we have 



Yt + zBt+ I f{s,Ys)ds = Yr + zBt+ / f{s,Y^)ds + 

J tn-l 



f{s,Ys)ds 

tn~l 



Yl + zBt,, + / /(s, Yl')ds Tt\+ f{s, Ys)d 

Jtn-1 ' Jo 

r-t 



= £[Yt„+zBt^+ p f{s,Ys)ds\Tt} 

= £{£{^ + zBt + J^ f{s,Y,)ds\Tt„}\:Ft] 

= £{^ + zBt + £ f{s,Ys)ds\j't}- 

In the above the second equality is due to the fact that Y^ solves ()4.7p on [tn-i,tn]] the third 
equality is due to the "translation invariance" of (?{-| the fourth equality is because of the 
inductional hypothesis that Y solves (|4.7p on [tn, T]; and the last equality is the "time-consistence" 
property of £{-\Tt}- This shows that Y solves (|4.7p on [tn-i,T], whence the existence. 
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The uniqueness can be argued in a similar way. First note that the BSDE (|4.7p can be written 
in a "local" form: for n = 1, 2, • • • , A'^, 

Yt + zBt = £[Yt„+zBt„+ J^" f{s,Ys)ds\Tt}, tG[t„-i,t„], (4.10) 

thanks to the translation invariance property of £{-\J^t}- Assume that Y £ D^([0,T]) is another 
solution of (j4.7p . Then it must satisfy (j4.10p on [tjv_i,T]. The fixed point argument in the first 
part then shows that y = 1" in 0^{[tiy^i,T]), thus Yt^_-^ = Yt^_j^, P-a.s. We can repeat the 
same argument for [t7v-2, ^Af-i]) and so on to conclude after finitely many steps that Y and Y are 
indistinguishable over the whole interval [0, T]. The proof is now complete. ■ 



5 Doob-Meyer Decomposition of Quadratic ^-Martingales 

In this section we prove a Doob-Meyer type decomposition theorem for quadratic .F-martingales. 
We shall assume that f is a translation invariant quadratic ^-expectation dominated by two 
quadratic (7-expectations and from below and above, and both gi and §2 satisfies (HI) 
and (H2) with the same ^ > 0. We also assume that £ satisfies both the L^-domination (|3.8p and 
the L°°-domination (j3.9p . 

The following proposition will play an essential role in the rest of this paper. 

Proposition 5.1 For any r G Mq^t, ? G L°°(J^^), and z G , denote Yt = £[^ + zBr\J^t], 
t G [0,T]. Then there exists a unique pair (h, Z) G Lp([0,r]) x 7Yp([0, T]; M'^) such that 

- i{\Zt\ + \Zt\^) < gi{t, Zt) <ht< g2{t, Zt) < l{\Zt\ + \Zt\^), dt x dP-a.s., (5.1) 

and (y, Z) satisfies the BSDE: 

Yt = YT+ [ hsds- [ ZsdBs, VtG[0,r]. (5.2) 
Jt Jt 

Moreover, if we assume that £ also satisfies the one-sided g- domination fiS. 10}j) , with K ^ ||'^||oo? 
R > \z\, a = a{K,R), J = J(K,R) and ||7||^^/o < J, then for any rj G L°°{!Ft-), the pair {h, Z) 
corresponding to the process £{i] + zBr\J-t}, t G [0, T], satisfies 

ht-ht< a\Zt -Zt\^ + (7t, Zt - Zt), dt X dP-a.s. (5.3) 

Proof. For each z G M*^, define a process Yt = Yt — zBt/\T, t G [0, T\ and a new generator 

gf{t,uj,0 = gi{t,uj,(, + l{t<r}z), V(t,c^,C)e[0,T]xf)xM'^, i = l,2. 
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By the definition of tlie L°°-domination (see Definition l3.8l -(2)) and the fact (j4.3p we see that 
Y € Lf{[0,T]) and Yt G J^^r, Vt E [0,r]. It is easy to check that for < s < t < T and any 

[rj + zBt^r\:Fs] = ivlJ's] + zBsAr, P-a.s. i = 1,2. 
Thus the upper domination of £ by £^^ and the time-consistency of £ imply that, P-a.s., 

£''^[Yt\Ts] = £''[% + Z^Mrl^s] - zBsAr = £'' [£[C + ^5r|^t]|^.] " zB^Ar 
< £[£[^ + zBrlTtjlj's] - zBsAr = £[£, + zBr\Ts\ " zBsAr = Y^. 

Namely, Y is both a (7^-supermartingale and a (7|-submartingale. Applying Theorem 12.11 we 
obtain two increasing processes and (we may assume both are cadlag and null at 0) and 
two processes Z\ E ?^^(M'^), such that 

Yt = YT+ r gt{s,Zl)ds + {-l)\4-^T)- r ZidBs, tE[0,r], i = l,2. 
Jt Jt 

Letting = Z\ + we have, for i = 1, 2, 

Yt = YT+ [ g^{s,Zl)ds + {-iy{Al-Air)- [ Z^dB^, VtE[0,T]. (5.4) 
Jt Jt 

By comparing the martingale parts and bounded variation parts of two BSDEs in (j5.4p . one has: 

Z^ = Zf, and - gi{t, Z})dt - dAj = -g2{t, Z'^)dt + dAf, t E [0, T], P-a.s. 

Consequently, we have that dAj: + dA^ = (^g2{t,Zf) — gi[t, Zf )^dt, which implies that both A^ 
and are absolutely continuous and dAl = aldt with > 0, i = 1, 2. The conclusion follows by 
setting Zt = Z^ and ht = gi{t, Zt) + aj. 

Moreover, if £ also satisfies the one-sided (7-domination p.lOp . then for any r/ E L'^{Tt), we 
can set = £[r] + zi^rl-^t], Vt E [0,T] and let {h,Z) be the corresponding pair. Applying the 
-L°°-domination (j3.9p for we see that Y — Y ^ L|?([0,T]) under P, whence under P"^. In fact, 
y — y is a submartingale under P'^ : for < s < t < T, 

y, - y, = £[Yt\Ts\ - £[i + zBr\Ts\ =£[Yt-Yt + £[i + zBr\Tt]\Ts] - £[i + zBr\T,] 
= £[Yt-Yt + i + zBr\Ts\-£[i + zBr\Ts]<£'^"[Yt-Yt\Ts\, P^-a.s. 

Applying Theorem 12.11 again . we can find an increasing cadlag process A null at and a process 
Z E nU[0,T];R'^) such that 

Yt-Yt = r]-C + [ a\Zs\'^ds-AT + At- [ Z^dB], VtE[0,r], P^-a.s., 
Jt Jt 
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which, in hght of the Girsanov Theorem, is equivalent to 



Yt-Yt = 7]-C+ [ {a\Z,\^ + {-fs,Zs))ds-AT + At-[ Z,dB,, VtG[0,r], P-a.s. 
Jt Jt 

On the other hand, we also have 

Yt-Yt = 7j-C + [ (hs-hs)ds- f {Z,-Zs)dBs, VtG[0,T], P-a.s. 
Jt Jt 

Thus by comparing the martingale parts and the bounded variation parts, one has: 

Zt-Zt = Zt and {ht - ht)dt = {a\Zt\^ + {-^t, Zt))dt - dAt, 
which implies that A is absolutely continuous and dAt = atdt with at > 0. Consequently, 
ht- ht = a\Zt - + {jt, Zt - Zt) - at < a\Zt - Zt\^ + {jt, Zt - Zt), dt x dP-a.s. 

This proves the proposition. ■ 

We remark that one of the consequences of Proposition l5.ll especially the representation (j5.2p . 
is that the "cadlag modification" that we found in Proposition 14. II is actually continuous. In other 
words, the unique solution of BSDE ([i2D should belong to C^([0,r]). 

We now turn our attention to a comparison theorem for the solutions to the BSDE (|4.7p . 
To begin with, let us note that if / satisfies (H3), then for any (p G L|?([0, T]), the function 
f*(t,uj,y) = f{t,uj,y) +(j){t,uj), \/{t,uj,y) G [0,r] x J] x M, also satisfies (H3). Thus for any 
C G L°°{Tt) and z G M"^, the BSDE 

Yt + zBt + [fis,Y,)+cP,]ds = £{c' + zBt + £[fis,Y,) + ^s]ds\Tt}, * € [0,T], (5.5) 

admits a unique solution in C|?([0, T]). We shall denote this solution by Y' . 

Theorem 5.2 {Comparison Theorem) Assume that f satisfies (H3). For fixed z G M*^, let Y, 
Y' G C^([0, T]) be the unique solution of l \4- ?D and (j5.5|) respectively. Suppose that 

^' > ^, P-a.s. and > 0, dt x dP-a.s., 

then it holds P-a.s. that > Yt, G [0,r]. 

Proof. We first assume (pt = 0. For any 6 G Q^, define two stopping times 

= mf{t G [0, T) [ <Yt- 6} and = mi{t G T] \Y^ >Yt}. 
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A 



Here we use the convention that mf = T. Since = > = Y^, P-a.s., we must have 
< < T, P-a.s. Further, since both Y and Y' have continuous paths, we know that on 



G"5 = {a^ < T}, it holds that 



Y^,=Y,s-5, Y;s=Y,s, P-a.s. 



(5.6) 



r A 



Next, for a given t G [0,r], we define a stopping time i = tV A t^. Then, applying Theorem 
14.31 and Proposition I4.2l -(iv) we have, P-a.s. 

Yf + zBi + ^ /(s, Ys)ds = £{y^s + zB^s + ^ /(s, Ys)ds\j^ij + ^ /(s, P-a.s. 
Moreover, since G .F^-a C Tf, we can deduce from Proposition 14.21 (iiil that 

= Ic^^jlc^n^ + / lGsf{s,Ys)ds\j^i} (5.7) 

= + zB^s + f{s,Ys)ds\Ti^ = Ig^Y^ + Ig^zB^. 

By using the L°°-domination (|3.9p for £" and Proposition 14.11 one shows that P-a.s. 

f {l^^y'^ + zB^, + 1g^/(s, lGsY^)ds\Tr] - £[^G^Y^^ + ^^r^ +y 1g^/(5, lG.y5)ds|.F,} 



< 



ric.[/(s,ic.i^')-/(s,iG^>^s)]ds <K /" 



Vr G [0,T]. 



Setting r = t in the above and using (|5.7p we obtain that 

\\\g^Y^ — Ifjil^lloo ^ K I \\lr:sY^ — l^sY^Wnods 



i 



The Gronwall inequality then leads to that Ijlfj^Y^' — Ij^al^Hoo = for any t G [0,r]. In particular, 
for t = 0, we obtain that IgsY^^ = IgsY^s, P-a.s., which, together with (i), shows that = 
{a^ < T} is a null set. Since Y^ > Yt, P-a.s. and {Y/ > Yt, Vt G [0,r)}^ C U {^^^ < T}, we 



conclude that 



Yt>Yt, VtG[0,r], P-a.s. 



(5.8) 



We now consider the case when (pt > 0, dt x dP-a.s. We proceed as follows. For any n G N, 
let = ^T, j = 0, 1, • • •, n be a partition of [0, T], and define recursively a sequence of BSDEs: 

ft ft" ptV- 

Yr + zBt+ / f{s,Ynds = £\X]+ / ' ct>sds + zBt^+ / /(s, y/'")dsLFi }, tG[0,t,"], 
Jo ^ Jt" , Jo ' ■' 
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where {X^}j>o are defined recursively by = and X^_-^ = Y^n^ , for j = n, • • • , 1. Now, 

3 — 1 

applying tlie result for </> = (similar to (j5.8p ) with ^" = + /J ^sC^s, we can then show by 
induction that for each 1 < j < it holds that 1^"''" > i € [0, t"], P-a.s. We now define a new 
process by Y^^ = 1"/'", t G I^j-i' ]' J = 1' ' ■ ■) It is easy to check that for any j = 1, • • •, n and 
anyt G [tj',!,*^"), 



/ </..ds + z5T+ /" /(s,y,")ds|^t}, P- 

J t^_-^ J t 



a.s. 



Applying L°°-domination ()3.9p for £" we see that for any j = 1, • • •, n and any t G t") 



iv" v'l 



< 



+ ^sds + zBT+l f{s,Y,P)ds\j't} + zBt + I [f{sX)+<Ps]ds\Tt]\ 
r cP,ds+ r{fis,Yn-fisX))ds 



< — 

oo n 



I Yc^ y. 1 1 ryr) dS . 



First applying Gronwall's inequality and then letting n ^ oo we see that 1^" converges to Y/ 
in L^{J^t), for each t G [0, T]. Since both Y and y' are continuous, we conclude that Y/ > Yt, 
Vt G [0,T], P-a.s. The proof is now complete. ■ 

We can now follow the scheme of |6j and [14] to derive the Doob-Meyer decomposition. For 
any Y G Oi?([0, T]) and z G M'^, we define 

r{t,LO,y) = n{Y{t,io)-y), V (t, cj, y) G [0, T] x x M, Vn G N. 

It is easy to check that each satisfies (H3), thus the BSDE 

y'^ + zBt + r{s,y^)ds = £[YT + zBT + £ ris,y^)ds\Tt}, VtG [0,r], (5.9) 



admits a unique solution G C|?([0, T]). We have the following lemma. 

Lemma 5.3 Assume (H3), and let he the solution of !i5.y\) . n > 1. Suppose that for a given 
Y G B|?([0,r]) and z G , the process Yt + zBt, t G [0, T] is a S-submartingale (resp. £- 
supermartingale) , then it holds that 

y^ > {resp. < )y^^^ > {resp. <)Yt, t G [0,r], n G N, P-a.s. 

Proof. We shall prove only the submartingale case, the supermartingale case is similar. For 
any n G N and any 6 G Q"^, let us define two stopping times 

cj"'^ = inf {t G [0, T) I y^" <Yt-6} and r"'"^ = inf {i G T] {y]" >Yt}. 
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It is easy to see that a""'^ < r"''^ < T, P-a.s. Then the right-continuity of and Y leads to that 
y'^^n,! <Y^n,s -5, P-a.s. on T}, and > F^n,., P-a.s. (5.10) 

Applying Proposition I4.2l -(iv) and Theorem 14.31 one has 

y'^n.s + zB^n,5 = £[y^n,s + zB^u,s + / n{Ys - y'^)ds\T^u,s] , P-a.s. 

Using (I5.10p we deduce that J^„,s n{Ys — y'^)ds > 0, P-a.s., and combined with Proposition 14. 21 - (i) 
and Theorem 14.31 we obtain that 



This implies that {y^^^s ^ Y^n,s — 5} is a null set, thus so is {u"''^ < T}. Furthermore, since 
>Yut(^ [0, T), n G N}^ C U (J {a"'^ < T] and > Ft, n G N, 

it holds P{y" > Ij, t G [0,r], n G N} = 1. Consequently, we have that P-a.s. 

r(t,yr) = n{Yt - y^) > (n + l){Yt - y^) = r+Ht,y^), Vt G [0,r], Vn G N. 

It then follows from Theorem O that P-a.s. > 1/"+^ > Yt, for ah t G [0,T] and n G N. This 
completes the proof. ■ 

We should note that Lemma 15.31 indicates that if Y! -|- zB. is an f^-submartingale, then all the 

processes = / — Ys)ds, t >0 are increasing (or decreasing if y is a f-supermartingale), 

Jo 

||y"||oo ^ ll^lloo V lly^'^lloo) ^-nd y" — + zBt, t > is an £^-martingale. Thus, Proposition 15.11 
implies that there is a unique pair (/i",Z") G L^([0,r]) x ?^|([0, T]; M*^) such that 

yn _ ^ = y^-A^ + zBt + r Kds - r ZyBs, t G [0, T], (5.11) 

Jt Jt 

and the following estimates hold: 

-i{\z^\ + |zr|') < 5i(i,^r) < /^r < 52(t,^r) < + i^ri'), dt x dp-a.s. (5.12) 

We shall prove that both {Z'^}n&i {^j'jneN are bounded in a very strong sense. 

Lemma 5.4 Lei i/ie process Yt+zBt, t G [0, T], 6e either an £ -submartingale or an £-supermartingale 
as those in Lemma \5.3[ and let {j4"} and {Z^} are processes defined in 15.11\) . Then, for any 
p > 0, {Z^}neN is bounded in M^{M.'^) and {A!^}neN is bounded in U'{Tt)- 
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Proof. We shall only prove the submartingale case. That is, we assume that is increasing. 
From BSDE ([^TT]) we see that 



yT-yo+ r Kds - CiZ^ - z)dBs, P-a.s. 

JO JO 



Let M = ||l"||oo V lly^lloo and use the domination (|5.12|) of /i", we have 



< 2M + eT + 2e I \Z^\'^ds+ sup 

0<t<T 



[\z^ - z)dBs 
Jo 



P-a.s. 



(5.13) 



In what follows for each p > we denote Cp > to be a generic constant depending only on p, 
as well as i,T,M, \z\, which may vary from line to line. Using (|5.13|) and the Burkholder-Davis- 
Gundy inequality one shows that 



E\A^\P < Cp^l+E 



+E 



|Z" - zl^ds 



p/2 



} < Cp\ 1 + E 



T 



\Z^-z\^ds 



Thus it suffices to show that sup£'( L \Z^ — z\'^ds] < oo. For any a > 0, we apply Ito's formula 
to e"^" to get: 







+ a 



T 



e"y^ dA"^ 



e»y^Z^-z)dBs 



(5.14) 







< e"^? + ai I e'^y^ds + Aal / e"*^" |Zr - z\'^ds + Aal / e"*'" \z?ds 











-a [ e"y" {Z^ - z)dBs. 
Jo 

Note that the last inequality is due to the fact that A'^ is increasing. It then follows that 

(1^ _ iai) / e"^" - z\'^ds < Cp + a sup / e"J'"(Z; - z)dB, . 
2 Jo 0<t<T Jo 

Choose a > 8^, and applying the Burkholder-Davis-Gundy inequality again we obtain that 



e( I e'^y^lZ^ - zl'^ds] <Cp + CpE( I e2"s^"|Zr-z|2ds 



p/2 



< Cp + CpeP^^'^/^E(^j^e'^y" \Z^ - zj^ds)^^^ <Cp + ^e(^ £e''y" \Z^ 



which implies that i?(/o^e-"|Z? - zl^dsj is dominated by a constant independent of n. This 
proves the lemma in the submartingale case. The super martingale case can be proved in the 
same way except that in (I5.14p the Ito's formula should be applied to e~°^" . The proof is now 
complete. ■ 

We are now ready to prove the Doob-Meyer Decomposition Theorem. 
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Theorem 5.5 Assume that £ is a regular quadratic J^- expectation satisfying the one-sided g- 
domination BU^) . For any Y G C^([0,r]) and any z G M'*, if the process Yt + zBt, t G [0,T], 
is an £ -submartingale (resp. £ -supermartingale) , then there exists a continuous increasing (resp. 
decreasing) process A null at such that Yt — At + zBt, t >0, is a local £ -martingale. Furthermore, 
if A is bounded, then Yt — At -\- zBt, t >0, is an £-martingale. 

Proof. We again prove only the submartingale the submartingale case is similar. To 

begin with, let be the solutions to ()5.9p . n = 1, 2, • • • , and still denote M = ||y||oo V ||?/^||oo- 
Since >Y, by the definition of processes A^s and Lemma 15.31 we see that 

E r - Ys\ds = -E[\Ar^\] < -sup\\A^\\i ^ 0, 

as n ^ oo. Moreover, since y^'s converges decreasingly to Y, and Y is continuous, we can further 
conclude, in light of Dini's Theorem, that P-a.s. 



lim sup {yt — Yt) = 0, thus lim sup |y™ — y"! = 0- 

'^^°<^ te[0,T] '"•"-*°°tG[0,T] 



(5.15) 



We first show that there exists a subsequence of {^"}, still denoted by {^"}, such that the 
sequence is uniformly integrable. To see this, we claim that the processes converges 

to some process Z in 7^p([0, T]; M*^), as n ^ oo. In fact, applying Ito's formula to |yf* — on 
[0, T] we obtain 



< 



\yo-yo\'+ r\zr-z^\'ds 

Jo 

|y- _ y-|2 + 2 [\yT-y^)[ihT - K)ds-{dA^-dA:)-{ZT- Z^)dB, 
Jo 

\y^-y^?+2snv \yT-y^\\[ 2£{l + \Z^\'' +\Z^f)ds+A^ +A1},} 

sG[0,T] VO 

-2 [\yT-y':)iZT-Z^)dBs. 
Jo 



(5.16) 



Taking expectation on both sides of (j5.16p and applying Holder's inequality one has 



E 







\Z^-Z^\^ds^ 



<E\ sup br-y,"" 

se[o,T] 



]+2!^E 



<e{ sup \yf-y^f\ + CiE 
^s&[0,T] ' 



sup IC-y"!^ 

■se[o,T] 



sup \yT-y'l? 



E 



^se[o,T] 





1/2 



2e{l + \Z^\^ + \Z^f)ds+A^+A^ 



l+sup||Z''||^4+sup||Af^||i2(^^) 

keN fcGN 



1/2 
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where C > is a constant depending only on (. and T. This, together with Lemma 15.41 imply 
that {Z"}„6N is a Cauchy sequence in ?^|([0, T]; M'^), hence has a limit Z E 7i|([0, T]; M'^). A 
simple application of the Burkholder-Davis-Gundy inequality leads to that 



sup 

te[o,T] 



Zs)dBs ^ in L'^{Tt), as n ^ oo. 



(5.17) 



Applying [ini Lemma 2.5] we can find a subsequence of still denoted by {Z'^}n&h such 

that sup|Z"| G nl{[Q,T]]W^) and that sup| /^f (Z^" - G L2(jr^). Then in light of (I5T2D 

n n 

and (jS.lip . it holds P-a.s. that for any n G N 



Jo Jo 



< 2M + iT + 2i I sup|Z^"p(is + sup 



n 



[ {Z^-z)dBs eL\TT). 
Jo 



We can then deduce that supvl^ G L^{Tt), which implies that, P-almost surely, Af < £' [sup^^ | JF^] , 

nGN neN 

for alH G [0, T], nGN. Now let us define a sequence of stopping times 



Tk = inf{t G [0, T] : E[supA^\Tt] > k} AT, keN. 

riGN 



(5.18) 



Clearly, /" T, P-a.s., as A; ^ oo. Furthermore, let us denote pk = p{k + M, |z|), J^. = 
J{k + M,\z\) and ak = a{k + M, \z\), and define Y>' = F^Ar,, Vt'^ = y?Ar,, A'^''^ = ^Mr,, t ^ [0, T]. 
We will show that for any A; G N, there exists a subsequence of {A"}„gN, denoted again by 
{A"}„eN itself, such that for ah A; G N, it holds that lim A^''' = A^, t G [0,r], P-a.s. for some 

n— >oo 

continuous, increasing process A'^ . 

To see this, let us first fix /c G N. For each nGN, applying Theorem 14.31 and Proposition 14.11 
we have 

yn,k _ ^n,k ^ ^^^^^^ ^ ^[ . _ ^ ^^^^ Vt G [0, T]. 



Applying Proposition 15. H we can find a unique pair (/i"'*^, Z"'*^) G L\.{[{), T]) x 7i|([0, T]; M'^) such 
that 

yn,k_^n,k ^ yn,k_j^n,k ^ /"^n.fc^^ _ /"^(^n.fc _ ^^^^^^^,^^3^, Vt G [0,r]. (5.19) 

Jt Jt 



On the other hand, by (j5.1ip we have 



Vt 



n,k ^n,k^yn,k_^n,k^ f /" ^ (Z," - z)dP„ VtG[0,r]. (5.20) 

Jt Jt 
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Thus by comparing the martingale parts and the bounded variation parts of (j5.19p and (|5.20p . 

and = l{t< 
there is a BMO process 7"'^^ with Ht^'^^Ubmo - '^fc ^^"^^ 



one has /i"''^ = l|^<^^j/i" and Z"''^ = l|^<^^jZ". Moreover, it also follows from Lemma l5.ll that 



ZTn,k ryn,k\2 , i m,k rrm,k rzn,k\ ^ i.va,k i,n,k 



< ak\Z^ —Z^ I + (7f ,Z^ —Z^ ), at x dP-a.s. (5.21) 



Note that (|5.21|) implies that for any m, n G N, 



Jo 



ak\Zs -Z^\ I V |7s \)\Zs 



ds 



E r)hT-K\ds <E J^' 
< akE nZ^-Z^fds+lE AlTrl^ + ll^'lV^^ HzT-Zsl'ds}' . 















Hence, one can deduce from the convergence of in 7l!p([0, T]; M*^) that {l{-ATfc}^"}„gpj is a 
Cauchy sequence in L^([0,r]). Let h'^ be its limit in L^([0,T]), it then follows that 



sup 

ie[0,T] 



tATk 



{h" -h';)ds ^ in L'^{Fr^), as n ^ 00. 



(5.22) 



Now let us define A^^ = - + /^'^^'^ /i^ds - /^''^'(Z, - z)(iB„ t G [0,r]. Clearly, A 



IS 



continuous. Furthermore, since 



a: 



n,fc n,fc n,fc 



./o 



tATk 



{z^-z)dBs, vte[o,r], VneN, 



applying Bounded Convergence Theorem as well as (|5.15p . (j5.17p and (j5.22p . one shows that 

sup \At' -A^\ converges to in L^i^rJ, as n ^ 00. Therefore, we can find a subsequence of 

te[o,T] 

{A^}n(^fq, still denoted by {j4"}„gN, such that 



hm A'^''' = A^, V t G [0, T] , P-a.s. 



(5.23) 



We note that (j5.23p indicates that A^ is an increasing process. Furthermore, applying the Helly 
Selection Theorem if necessary, we can assume that the convergence in (j5.23p holds true for all 
A; G N for this subsequence. 

We can now complete the proof. By the definition of (j5.18p and the continuity of A^, one 
can deduce that for any A;, n G N, j4"^ < k, P-a.s. 

Hence for any A; G N, (|5.23p implies that P-a.s. 

\A'^\<k, yte[0,T] and A'l = A'^^, VtG[Tfc,r]. 
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Note that = lim Aj'''^ = lim A^^^^^^ = A^^+^. t G [0,T], P -a.s. we can define a continuous, 

increasing process At = A'l, t e [0,Tk], k £ N. Clearly, A is null at 0. For fixed A: G N, and 
t G [0,r], applying the L^''-' -domination (j3.8p of £ yields that 

\\£[yl - A\ + zBr,\Tt\ - £[Yr, - A,, + zB,,\m^, < 3\\yl - Y^Jp, + 3\\Al - A^Jp,. 

By considering a subsequence, we have, P-a.s. 

= lim £[y'^f' - A^^^ + zBr, [^t] = £[Yr, - ^r, + zBr, \J't]. 

n — ^oo 

Then, Proposition 14.11 together with the continuity of Y and A, implies that P-a.s. 

YtAr, - ^tAr, + ^^tAr, = £[Yr^ " A^, + zBr^ | /"f], G [0, T]. (5.24) 

In other words, Yf — At + zBt, t > is a local £'-martingale, proving the first part of the theorem. 

To see the last part of the theorem, we assume further that A is bounded. Let K = |ll"||oo + 
ll^lloo, R = \z\ and p = p{K,R). Fix a t G [0, T], applying L^-domination (|3.8p again we obtain 
that for any /c G N, 

\\£[Yr, - Ar, + zBrjTt] " £[Yt -At + zBtITMp 

< R\\BtAr, -Bt\\p + ^Yr, - YtWp + 3\\Ar, - ArWp + Cr\\T - Tk\\p. 

Clearly, the right hand side above converges to as A; — > cxo, thanks to the Burkholder-Davis- 
Gundy inequality and the Bounded Convergence Theorem. Thus, taking a subsequence if nec- 
essary, we may assume that £[Yrf. — Ar^. + zBr^\J^t] converges P-a.s. to £[Yt — At + zBrlJ^t]- 
Letting k ^ oo m (|5.24p , the continuity of Y and A imply that 

Yt-At + zBt = £[Yt-At + zBrlTt], P-a.s. 

Eventually, applying Proposition 14.11 and using the continuity of Y and A again we have P-a.s. 

Yt-At + zBt = £[Yt -At + zBt\H, G [0,r], 

which means that Yt — At + zBt, t > 0, is an £^-martingale. The proof is now complete. ■ 

6 Representation Theorem of Quadratic ^-Expectations 

In this section we prove the representation theorem for quadratic .F-expectations. We assume that 
i5 is a translation invariant quadratic .F-expectation dominated by two quadratic ^-expectations 
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and 8^'^ from below and above, and both gi and §2 satisfy (HI) and (H2) with the same 
constant £ > 0. We also assume that £ satisfies the L^-domination (|3.8p . the L°°-domination 
(jS.Op . and the one-sided (7-domination (j3.10p . 

We begin our discussion by considering the following special semi-martingale: 

Y^' = i{\z\ + \z\^)t + zBt, VtG[0,r], zGM'^. (6.1) 

By the comparison theorem of BSDEs, it is easy to see that is an f'^^-submartingale, whence 
an £^-submartingale. Then, by the Doob- Meyer decomposition (Theorem I5.5P there exists a con- 
tinuous, increasing process null at such that Y^ — is a local £'-martingale. We claim that 
E L°°(J7), and hence Y^ — A^ is a, true £'-martingale. Indeed, let {T^}n>i be a sequence of 
"reducing" stopping times, that is, T, P-a.s., such that 

Yz,n _ j^z,n ^ ^^Y^,n _ j^Y'\Tt\, Vt G [0,r], P-a.s., (6.2) 

where 1^^'" = Y^^^z, A^'"' = A^^^z, Vt S [0)^]- For any n € N, we know from Proposition 15.11 
that there is a unique pair (/i^'",Z^'") G L^([0,T]) x W|([0, T]; M'^) such that 

y/'" = y^'" - A'^"" + A^'" + hl'^'ds - C Zf'^dBs, Vt G [0, T], (6.3) 

Jt Jt 

such that the generator h satisfies the following estimate: 

-^(|Z,"'"| + |Z,"'"|')<5i(t,^D < /ir<52(t,^D<^(|^r| + |^n'), dt x dP-a.s. (6.4) 
Comparing (|6.ip and (j6.3p we see that 

- hl'"-dt = l|i<^.}^(|z| + \zf)dt and Z^'"- = l^^^^zyz. (6.5) 



This, together with ()6.4p . implies that P-a.s. 

Aff= / / l|t<,.|^(|z| + |z|2)dt < 2£(|z| + |z|2)r. 

Jo ./o 

Letting n — > 00 we obtain that A^ is bounded by 2£([z| + [zp)T, proving the claim. 

Now, in light of Proposition 15. H we can assume that there exists a unique pair {h^,Z^) G 
L^([0,r]) X nl{[0,T];R'^) such that dO])— (US]) hold. In other words, denoting 

g{t,uj,z) = hf{uj), {t,uj,z) e[0,T]xnxR'^, (6.6) 

it holds that 

y/-^f = YS-A^+rg{s,z)ds-rzdBs, tG[0,r], (6.7) 

Jt Jt 

-l{\z\ + \z\^) < gi{t,z) < g{t,z) < g2{t,z) <£{\z\ + \z\^), dt x dP-a..s., (6.8) 

dvlf = g{t,z)dt + i{\z\ + \z\'^)dt, t e [0,T]. (6.9) 
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We shall show that g is the desired representation generator of the quadratic J^-expectation £. 
To begin with, let us define, for any z, z' G W^, a function 

g'/{v) = £{l + \z\ + \z'\)\v\, VwGM'^, (6.10) 

and denote the corresponding g^'^ -expectation by £^'^ (•). It is worth noting that £^'^ (•) is a 
Lipschitz ^-expectation studied in [3] and [13] • We should note here that if (7 is a quadratic 
generator satisfying (HI) and (H2), then it must satisfy a "local Lipschitz property" which can 
be written as 

\g{t,z)-g{t,z')\ < £{1 + \z\ + \z'\)\z - z'\ = gf{\z - z'\), ^z,z' G M'^. (6.11) 

Now let g he a, given deterministic quadratic generator satisfying (HI) and (H2). For fixed 
z G M"', consider the process Since zBt G .i^^, we know that (recall 

the BSDEs (j3.4p and (j3.5p ) Yf'^ must have the following explicit expression: 



Yf'' = zBt + J g{s,z)ds, t e [0,T]. (6.12) 



Let us fix z,z' G M"^, and define S^'^' = Yf'' - Yf'"' = (z - z')Bt + J^{g{s,z) - g{s,z'))ds, 
t > 0. We have the following lemma. 



Lemma 6.1 Assume that g is a deterministic function satisfying (HI) and (H2). Then the 
process S,t = £t'^ , t > is a £^'^ -submartingale 

Proof. For any s < t, define 



= £'/{i^'''\J^s}=[iz-z')Bt + l\gir,z)-gir,z'))dr 

+ j ^i{l + \z\ + \z\)\Zr\dr - j ZrdBr. (6.13) 

J s J s 

Since g is deterministic, the BSDE (j6.13p has a unique solution (Y, Z), where 

Ys = {z-z')Bs+ {g{r,z) -g{r,z'))dr+ + \z\ + \z'\)\z - z'\dr, 



and Z = z — z'. Thus, denoting 6g{r) = g{r, z) — g{r, z'), we have 

f-T rt 



Ys = Ys = {z-z')Bs+ [ 6g{r)dr+ [ fi{l + \z\ + \z'\)\z-z'\dr 

= {z-z')Bs+ [ 5g{r)dr + [ + \z\ + \z'\)\z - z'\ - 5g{r)}dr 



> {z-z')Bs+ f 5g{r)dr. 

J s 
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But by definition of E^'^ we see tliat the right hand side above is exactly S-l'^ = ^s- This, 
combined with (j6.13p . shows that ^ = 8^'^' is an -submartingale. ■ 

We now introduce some extra assumptions on the quadratic ^-expectation 8, which will be 
useful in the study of the representation theorem. The first one is motivated by Lemma 15.11 

(H4) There exists a constant ^ > 0, such that for any fixed z, z\ it holds that 

8{zBT\Tt} - £{z'BT\Tt} < 8'/{{z - z')BT\J't}. (6.14) 

The next assumption extends the "translation invariance" of the nonliear expectation 8. 
(H5) For any z £R'^,t £ Mo,t, < t < t < T, and ^ G L°°{Tt^^), it holds that 

8[^ + zB^^^-zBt^r\:Ft] = 8[^ + zB^^jTt]-zBt^r, ^-a.s. (6.15) 

We note that the assumption (H5) is not a consequence of Proposition I4.2l -(iv). since the 
random variable zBt is not bounded(!). However, the left hand side of (16.150 is well defined, since 
C + zB^^^ - zBtAr = C + // zl{s<r}dBs £ C Dom(£') (see Remark [MD- 

Finally, we give an assumption that essentially states that the process {zBt}t>o has the "in- 
dependent increments" property under the nonlinear expectation 8. 

(H6) For any z € R"^, and any < s < t < T, it holds that 

8[z{Bt - Bs)\J's] = £[z{Bt - Bs)], P-a.s. (6.16) 

The following Lemma is more or less motivated the assumption (H6), and it will play an important 
role in the proof of the representation theorem. 

Lemma 6.2 Assume that 8 is a regular quadratic J- -expectation satisfying (H6). Then the ran- 
dom function g defined in ^6. ^) is deterministic, and it holds that 



g{t, z) = lim ^^^^^*+^ P-a.s., V {t, z) € [0, T] x M'^. (6.17) 

h 

Moreover, if in addition 8 satisfies (H4), then g is local Lipschitz continuous. 

Proof. We first show that g is deterministic. To this end, we fix z G M'^. For any < t < 
t + h <T , one can deduce from (|6.7p that 

(■t+h 



z{Bt+h - zBt) - ^ g{s, z)ds = Y,\^ - Al^^ - (y/ - ), P- 



a.s. 
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Since — Af — zBf G L°^{J^t), using the assumption (H5) one can check that 

£{z{Bt+H - Bt) - fj\{s, z)ds\Ft} = £{Yt\h - At+hm - {Yl - At) = 0, P-a.s. (6.18) 
Therefore, applying ()6.16p we have 



£[z{Bt+h - Bt) - {g{s,z)-g{t,z))ds\Tt} 
£[z{Bt+h - Bt)\J't] + v{t, h) = £[z{Bt+h - Bt)] + v{t, h), 



hg{t,z) 



where 



vit,h) = £[ziBt+h-Bt)- j^^ ig{s,z)-g{t,z))ds\Tt} -£[z{Bt+h-Bt)\J't] 
= £^zBt+h- {g{s,z) - g{t,z))ds Tt^ - £[zBt+h\^t\- 



Now, applying L^'-domination ()3.8p for the ^-expectation £ with p = p{2\\ \g{s, z)\ds\\oo, \z\) , 
we obtain that 



E{^\<i,h)\^} 



\v{t,h)E<3^ 



t+h 



\a{s,z) - g{t,z)\ds 



< 



r 1 1 p 

^"E^-j^ \g{s,z)-g{t,z)\ds] . 



Since z G M is fixed, thus by the Lebesgue differentiation theorem, P-almost surely one has 

-j^ \g{s,z)-g{t,z)\ds^^, for a.e. t G [0, T]. 
The Dominated Convergence Theorem then implies that 

il ^) l] "^^l ^ ^"^i £ il z) - 9{t, z)\ds\ "dt } ^ 0. 

In other words, we have proved that v{t, h) = o{h) in 7^p([0, T]). Thus 

and it follows that g is deterministic. 

Now assume that £ also satisfies (H4), we show that g is local Lipschitz continuous. To 
see this, taking t + h = T in (j6.18p and applying (H5) with t = t = T we obtain that 
£{zBt — Jf- g{s, z)ds\Tt} = zBt, P-a.s. Since g is deterministic, this implies that g{s,z)ds = 
£{zB'r\Tt} — zBt. Similarly, one has g{s, z')ds = £{z' BT\Tt} — z'Bf. Combining, we have 

J\g{s,z')-gis,z)]ds = £{zBT\J't} - £{z' BrlJ't} - (z - z')Bt 

< £-f {{z - z')BT\Tt} - {z - z')Bt. 
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A 



Note that for gfi'^ (v) = ^{1 + \z\ + |z'|)|v|, one has 



£'/{iz - z')BT\J't} = {z- z)Bt + + \z\ 



+ [z'DIz — z\ds. 



[g{s,z') — g{s,z)]ds < I + \z\ + \z' \)\z — z' \ds . 



We deduce that 



Replacing T by an arbitrary t' G (0, T] in the above, we can then deduce that for any t' G (0, T], 
it holds that 

\g{t', z) - g{t', z')\ < /i(l + \z\ + \z'\)\z - z'\, 
proving the local Lipschitz property of g. ■ 
The main result of this paper is the following representation theorem. 

Theorem 6.3 Assume that £ is a regular quadratic J^- expectation that satisfies (H4 )-(H6). Then, 
there exists a local Lipschitz continuous function g{t, z) : [0, T] x M'^ i— > M such that for any z G M*^, 

gi{t,ijj, z) < g{t, z) < g2{t,uj, z), dt x dP-a.s., (6.19) 

and that for any ^ G L°°{J^'t), it holds P-a.s. that 

£[^\Tt]=£''mJ't], vtG[o,r]. 

Proof. Let g be the random field defined in ()6.6p . We know from Lemma 16.21 that g is 
deterministic and local Lipschitz continuous. Then (j6.19p follows from (j6.8p and we see that 
^I^^Q = 0. For any ^ G L°°{!Ft), we can apply the result of \10}, Theorem 2.3] to conclude that 
the BSDE(^,c/) admits a solution {Y,Z) G C|?([0,r]) x H|([0, T]; M'^). Furthermore, by virtue 
of (j6.1ip . it follows from ljl2j (or [8j) that the solution is unique. (We remark that the result of 
[TP] cannot be applied here since g is not necessarily differentiable) . Let be a sequence 

of simple processes that approximates Z in 7^|([0, T]; M''). Then it holds that sup /o(*" - 

te[o,r] 

Zs)dBs ^ in L'^{Tt), thanks to the Burkholder-Davis-Gundy inequality. Applying Lemma 
2.5] we can find a subsequence of still denoted by {^'"}„(=N; such that 

ft 



Zt, dt X dP-a.s. and sup 

te[o,T] 



('f^ - Zs)dB, 







0, P-a.s. 



3.20) 



with supl^'J'l G W|([0,r]) and sup sup /*(^^ - Zs)dBs G L'^{Tt). We define stopping times 



n6N 



nGmG[0,T] 



cTfc = inf |t G [0,r] : [ supl^-^l^ds + 

Jo n€N 



sup sup 

neNse[o,t] 



> k[ AT, 



yk G N. 



3.21) 
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It is easy to see that a/. / T, P-a.s. 

For any z G < t < t < T and T G Mq^t, it follows from (l638|l and (H6) that 



£{ ^ i{.<r} [ - g{s, z)ds + zdBs] \rt] = 0, p- 



a.s. 



.22) 



Let ^ be any member of {^"}neN- Without loss of generality we assume that ^ is in the form of 
M't(t,a;) = V(t,ai) G [0, T] x f^, 

where = sq < < • • • < Sm < Sm+i = {i^'jljli is an -measurable partition of for 
z = 0, 1 • ■•, m, and each z*- G M'^. 

Now fix A; G N, for any t G [0,T], there exist a G {0, 1 • • • m} such that t G By 
refining the partition if necessary we may assume that t = Sa- Since the quadratic ^-expectation 
£ is "translation invariant" and satisfies "zero-one law", using (I6.22[) one can show that P-a.s. 

f 1 

l{^<<Tfe} [ ~ 9{s, Zj)ds + ZjdBs] Tt 

^{EE^ / ^ l{s<a,}[-9{s,4)ds + z'^dB,] 
i=a j=l '' '^^ 
rim r-T 

hi 

^{s<ak}[-9{s, Zj)ds + ZjdBs 



m rii 

i=a j=l 
m—l rii 



} 



m— 1 rii 

4 E El.; 



i=a j=l 



} 



i=i 

1e^s{ " 1|,<,,} [ - g{s, z^)ds + zfdB,] \Tt} = 0. 



(6.23) 



For any /c G N, since g is continuous and has quadratic growth in z, using (|6.20p and applying 
Dominated Convergence Theorem we deduce that // l|s<„^} [-^(s, ^'^)(is + ^'^dP^] converges to 
l{s<o.^,}[— 5((s, Zs)ds + ZgdBs] almost surely. We also see from the definition of ak (|6.2ip that 

^{s<ak}[- 9is,^^)ds + 'ifyBs] <eT + 2{l+e)k, P-a.s., Vn G N. 
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Let K = IT -\- 2(1 + £)k and p = p(K,0), applying LP-domination of £ and using (j6.23p for 
each one can then deduce that f{ J^'" ^{s<crk}[ ~ 9{s,Zs)ds + ZsdBs]\J^t} = 0, P-a.s. The 
"translation invariance" of £ then implies that 

£[YaJ^t]=£^ytAak + ^{s<ak}[- 9{s,Zs)ds + ZsdBs] J='t^=Yt/s^„^, P-a.s. 

Letting p = p(\\Y\\oo,0) and applying Theorem ()4.3p as well as L^-domination for £ again, we 
obtain that 

\\Yt^^,-£[^\^t]\l = \\£[Y^,\:Ft]-£[^\Tt]\l < 3\\Y,,-%. 

Since ak y T, P-a.s. and Y is continuous, Y^^. converges P-a.s. to ^ and YtAa^ converges P-a.s. to 
Yf. These two convergence are even in L*' sense, thanks to the Lebesgue Dominated Convergence 
Theorem. Thus £'[.^[jr^] = Yt = £^[£,\J-t], P-a.s. The conclusion then follows from Proposition 14.11 
and the continuity of y. ■ 
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